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1. INTRODUCTION
w xRecently, Chang, Huang, and Cho 1 introduced the concept of general
quasi-metric spaces and proved necessary and sufficient conditions for the
existence of fixed points of a certain class of mappings in these spaces.
w xTheir results extend the corresponding results of Chang and Zhong 2 .
The main purpose of this paper is to establish characterizations of
common fixed points for certain commuting mappings in general quasi-
metric spaces. The results of our paper generalize, improve, and unify
w xsome results presented in 1, 2 .
 .We suppose that G, F , - is a partially order set which satisfies the
following conditions:
 .G-1 there is an element 0 in G such that 0 F u for all u in G;
 .  4G-2 for any u, ¨ g G, sup u, ¨ exists and it is in G;
345
0022-247Xr97 $25.00
Copyright Q 1997 by Academic Press
All rights of reproduction in any form reserved.
LIU AND DEBNATH346
 .G-3 for any u g G, u l u;
 .  4G-4 for any u, ¨ , w g G, if u F w and ¨ - w, then sup u, ¨ - w;
if u - ¨ and ¨ F w, then u - w.
w x  .DEFINITION 1.1 1 . Suppose X is a nonempty set. X, r is called a
 .general quasi-metric space if r : X = X ª G s G, F , - satisfies the fol-
lowing conditions:
 .  .QM-1 r x, y s 0 if and only if x s y;
 .  .  .QM-2 r x, y s r y, x for all x, y g X.
Clearly every metric space is a general quasi-metric space.
w xDEFINITION 1.2 1 . Suppose X is a nonempty set and T is a self-
mapping of X. A point x g X is called a periodic point of T , if there exists
a positive integer k such that T k x s x. The least positive integer satisfying
 .this condition is called a periodic index of x, and it is denoted by p T , x .
V and N denote the sets of non-negative integers and positive integers,
respectively.
2. CHARACTERIZATION OF FIXED POINTS
 .THEOREM 2.1. Suppose X, r is a general quasi-metric space and S and
T are commuting self-mappings of X. We assume that there exist p, q, m, and
n in V with p q q and m q n in N such that
r S pT q x , SmT n y - sup r u , ¨ : u , ¨ .  .
g SiT j x , SiT j y : 0 F i F max p , m ,  .
0 F j F max q , n , 2.14 4 .  .
for all x, y g X with S pT q x / SmT n y. Then S and T ha¨e a common fixed
point in X if and only if there exists a common periodic point x g X of S and
T. If this condition is satisfied, then the point x is a unique common fixed
point of S and T.
Proof. The necessity of the condition is obvious We now prove that the
condition is sufficient.
We suppose that
A s SiT j x : 0 F i - p S, x , 0 F j - p T , x . 4 .  .
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 4   . 4  .We claim that A s x . Otherwise sup r a, b : a, b g A ) 0 by QM-1 .
p q m n  .Thus for any u, ¨ in A with S T u / S T ¨ , by 2.1 we have
r S pT qu , SmT n¨ - sup r a, b : a, b g SiT ju , SiT j¨ : 0 F i .  .
 4  4F max p , m , 0 F j F max q , n 4 4
F sup r a, b : a, b g A . 2.2 4 .  .
Since S and T commute, and have a common periodic point x, it follows
that SiT jA s A for all i, j in V with i q j in N. Then for any distinct a, b
in A there exist u, ¨ in A such that S pT qu s a, SmT n¨ s b. It follows
 .  .  .  .from QM-1 , 2.2 , G-2 , and G-4 that
sup r a, b : a, b g A s sup r a, b : a, b g A with a / b 4  4 .  .
F sup r S pT qu , SmT n¨ : u , ¨ g A  .
with S pT qu / SmT n¨ 4
- sup r a, b : a, b g A , 4 .
 4which is impossible, and hence A s x . This means that Sx s x s Tx;
that is, x is a common fixed point of S and T.
Suppose that y is a common fixed point of S and T with y / x. Using
 .  .  .2.1 , QM-1 , and QM-2 we have
r x , y s r S pT q x , SmT n y .  .
i j i j  4- sup r u , ¨ : u , ¨ g S T x , S T y : 0 F i F max p , m , .
 40 F j F max q , n 4 4
s r x , y , .
which is a contradiction. Therefore S and T have a unique common fixed
point x in X. This completes the proof.
 .THEOREM 2.2. Let X, r be a general quasi-metric space and S, T be
commuting self-mappings of X. Assume that there exist p, q in V with p q q
in N such that
r S pT q x , S pT q y .
- sup r u , ¨ : u , ¨ g SiT j x , SiT j y : 0 F i F p , 0 F j F q 2.3 4 .  . 4
for all distinct x, y in X. Then S and T ha¨e a common fixed point in X if and
only if there exists a common periodic point x in X of S and T. If this
condition is satisfied, then the point x is the unique common fixed point of S
and T.
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p q p q  .Proof. Note that S T x / S T y implies that x / y. Then 2.3 im-
 .plies that 2.1 with p s m, q s n. Thus Theorem 2.2 follows from
Theorem 2.1. This completes the proof.
Similarly we can prove the following:
 .THEOREM 2.3. Let X, r be a general quasi-metric space and S, T be
commuting self-mappings of X. Assume that for any distinct x, y in X there
 .  .  .  .  .  .exist p x, y , q x, y , m x, y , and n x, y in V with p x, y q q x, y ,
 .  .m x, y q n x, y in N such that
r S p x , y .T q x , y .x , Sm x , y .T n x , y . y .
- sup r u , ¨ : u , ¨ g SiT j x , SiT j y : 0 F i .
F max p x , y , m x , y , 0 F j F max q x , y , n x , y . 2.4 4  4 4 .  .  .  .  .4
Then S and T ha¨e a common fixed point in X if and only if there exists a
common periodic point x in X of S and T such that for any distinct u, ¨ in
 i j  .  .4A s S T x : 0 F i - p S, x , 0 F j - p T , x there exist distinct a, b in A
which satisfies
S pa , b.T qa , b.a s u , Sma , b.T na , b.b s ¨ .
If these conditions are satisfied, then the point x is the unique common fixed
point of S and T.
w xRemark 2.1. Theorems 2.2, 2.3, 2.5, and 2.6 of 1 and Theorems 1, 2, 3,
w xand 4 of 2 are special cases of our Theorems 2.2 and 2.3. The following
example reveals that our Theorems 2.2 and 2.3 extend properly Theorems
w x w x2.2, 2.3, 2.5, and 2.6 of 1 and Theorems 1, 2, 3, and 4 of 2 .
 4EXAMPLE 2.1. Let X s 1, 2, 5, 8 with the usual metric d. Define
self-mappings S and T on X by S1 s S2 s S5 s T5 s T 8 s 5, T1 s 2,
T 2 s 1, and S8 s 8. Then S and T have a common fixed point 5 and
STx s TSx s 5 for all x in X. It is easy to see that S and T satisfy
 .  .  .  .  .both 2.3 with p s q s 1 and 2.4 with p x, y s q x, y s m x, y s
 .n x, y s 1 for all distinct x, y in X. That is, the conditions of our
Theorems 2.2 and 2.3 are satisfied. But Theorems 2.2, 2.3, 2.5, and 2.6 of
w x w x1 and Theorems 1, 2, 3, and 4 of 2 are not applicable since
d T p1, T p2 s 1 .
s sup d 1, 2 , d 1, T p1 , d 2, T p2 , d 1, T p2 , d 2, T p1 4 .  .  .  .  .
for any p in N.
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 .THEOREM 2.4. Let X, r be a general quasi-metric space and T be a
self-mapping of X. Assume that there exist p, q in N such that
r T p x , T q y - sup r u , ¨ : u , ¨ g T i x : 0 F i F p j T j y : 0 F j F q 4  4 .  . 4
2.5 .
for all distinct x, y in X. Then T has a fixed point in X if and only if there exists
a periodic point x in X of T satisfying
< <p T , x / 2 p y q , 2.6 .  .2 2
 .  .  .where p s p p T , x q p , q s q p T , x q q , 0 F p , q - p T , x , and1 2 1 2 2 2
p , q are in V. If this condition is satisfied, then the point x is the unique1 1
fixed point of T.
Proof. The necessity of the condition is obvious.
 .Sufficiency. Suppose that p T , x ) 1, and let
 pT , x .y1 4A s x , Tx , . . . , T x .
Then all points in A are distinct. Note that T p2 A s A s T q2 A. Thus for
 . n1 n2 m1 m2any i, j in V with 0 F i - j - p T , x there exist T x, T x, T x, T x
in A such that
T p2T n1 x s T iX , T q2T n2 x s T j x , 2.7 .
T q2T m1 x s T i x , T p2T m2 x s T j x . 2.8 .
We assert that at least one of T n1 x / T n2 x and T m1 x / T m2 x is true. If
 .  .not, then n s n , m s m . The equalities 2.7 and 2.8 ensure that1 2 1 2
p q n s a p T , x q i , q q n s a p T , x q j, 2.9 .  .  .2 1 1 2 1 2
q q m s b p T , x q i , p q m s b p T , x q j, 2.10 .  .  .2 1 1 2 1 2
 4where a , a , b , and b are in 0, 1 . We consider two cases:1 2 1 2
 .Case 1. p G q . In view of 2.9 and i - j it follows that2 2
p y q s a y a p T , x q i y j G 0, .  .  .2 2 1 2
 .  .which implies that a s 1 and a s 0. By virtue of 2.9 and 2.10 it1 2
follows that
a q b p T , x q 2 i s p q q q n q m s a q b p T , x q 2 j. .  .  .  .1 1 2 2 1 1 2 2
2.11 .
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 .  .Note that 0 F i - j - p T , x . It follows from 2.11 that
0 - 1 q b y b p T , x s 2 j y i - 2 p T , x , 2.12 .  .  .  .  .1 2
 .which implies that 1 q b y b s 1; that is, b s b . From 2.12 and1 2 1 2
 .2.10 we have
p T , x s 2 j y i s 2 p y q , .  .  .2 2
 .which contradicts 2.6 .
Case 2. q ) p . As in the proof of Case 1 we conclude that a s a ,2 2 1 2
 .  .  .b s 1, b s 0, and p T , x s 2 q y p , which contradicts also 2.6 .1 2 2 2
n1 n2  .We assume without loss of generality that T x / T x. From 2.5 it
follows that
r T i x , T j y s r T p2T n1 x , T q2T n2 x . .
s r T pT n1 x , T qT n2 x .
- sup r u , ¨ : u , ¨ g T iqn1 x : 0 F i F p 4 .
j T jqn2 x : 0 F j F q 4 4
F sup r u , ¨ : u , ¨ g A . 2.13 4 .  .
 .  .By virtue of G-4 and 2.13 we have
sup r u , ¨ : u , ¨ g A s sup r T i x , T j y : 0 F i - j - p T , x 4 .  . 4 .
- sup r u , ¨ : u , ¨ g A , 4 .
 .which is a contradiction. Therefore p T , x s 1 and Tx s x. That is, x is a
fixed point of T.
 .Uniqueness of the fixed point follows easily from 2.5 . This completes
the proof.
w xRemark 2.2. Our Theorem 2.4 extends Theorem 2.4 of 1 and
w xTheorem 5 of 2 .
 .Remark 2.3. The example below shows that condition 2.6 in Theorem
2.4 cannot be dropped.
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 4EXAMPLE 2.2. Let X s 0, 1 with the usual metric d and T 0 s 1,
T1 s 0. Take p s 1, q s 2. It is easy to show that
d T p x , T q y s 0 - 1 .
s sup d u , ¨ : u , ¨ g T i x , 0 F i F p j T j y : 0 F j F q 4  4 . 4
for all distinct x, y in X. Clearly, 0 is a periodic point of T satisfying
 . < <p T , 0 s 2 s 2 p y q , where p s 1, q s 0. T however has no2 2 1 2
fixed point.
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